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In the pursuit for building hardware accelerators to compute optimization 
problems researchers realize that the challenges in achieving this objective 
lie not only in implementing the hardware but also in the formulating the 
computing fundamentals of such designs. Neural network algorithms are 
considered most suited for this task, as there is usually a direct description 
of distributed computing entities, called "neurons", and their interactions 
which can be mapped to both electronic and non-electronic hardware. In this 
regard, coupled oscillator systems have been studied where individual 
oscillators correspond to neurons and the information is encoded in either 
phase or frequency. But as is the case with neural networks, the 
computational power of the network depends on complexity of interactions 
among oscillators, and it is a challenge to implement oscillator networks 
with complex simultaneous interactions among multiple oscillators. 
Sinusoidal oscillators with assumption of weak linear phase coupling, akin 
to Kumamoto models, have been studied in theory but implementing such 
oscillators with weak couplings and encoding information in phase or 
frequency have been a challenge. Examples of using novel devices for 
making neural network hardware include memristor based neuromorphic 
synapses [1] and spin-torque oscillator (STO) based systems [2]. In our 
work, we use relaxation oscillators coupled using passive elements - 
capacitances or resistances - without the assumption of weak linear phase 
couplings. Our theoretical models are derived from circuit implementations, 
instead of the other way round, which means there are only engineering 
challenges in implementing the hardware, and no modeling discrepancies. 
We have explored two kinds of implementations - (a) simple pairwise 
coupling scheme with information encoded as frequency for pattern 
matching and associative computing, and (b) complex global coupling with 
information encoded in phase for the NP-hard graph coloring problem. We 

have been demonstrated in theory, 
using simulations and 
experimental implementations 
using VO2 devices, the working of 
such coupled relaxation oscillator 
networks. 

The oscillators we use are of the 
relaxation type, made using a VO2 
device in series with a resistance 
(Figure 1a) [3]. The VO2 device is 
a two terminal metal-insulator-
transition device which changes 
state from metallic to insulating 
based on the voltage applied across 
it. When the voltage across it 
increases above a threshold !", the 
device switches to a low resistance 
metallic state, and when the 
voltage across it reduces below a 
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Figure 2: (a) Schematic of two capacitively 
coupled VO2 oscillators tuned to different 
oscillating frequencies with Rs1=38kΩ (=6Rc) 
and Rs2=47kΩ (=7.5Rc). (b) Experimental and 
simulated power spectrum (power expressed 
as mean square amplitude in dB) of both 
oscillators before and after coupling. The 
individual oscillator frequencies lock to a new 
frequency when coupled capacitively (Cc = 680 
pF). 

Figure 1 : (a) VO2 oscillator with a series transistor (b) Schematic of the capacitively coupled 
HVFET oscillators (LVO2=4µm; WVO2=40µm, CC=2.2nF) (c) System of pattern matching using 
pairwise coupled VO2 oscilators (d) Surface plot of averaged XOR output for different values 
of Vgs1 and Vgs2 (e) Saliency detection in images using coupled HVFET oscillators in sensor 
frontends 
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7. VO2 BASED COUPLED OSCILLATORS 
The experimental demonstration of VO2 based coupled oscillator 
systems motivate theoretical understanding of their coupling 
dynamics. In the following section, we will present a simplified 
view of the coupling dynamics with particular emphasis on the 
phase locking properties of such oscillators. Due to a finite 
capacitance being associated with the VO2 films in their insulating 
phase, the voltage across the device builds up in the insulating 
phase until the insulator-to-metal (IMT) phase transition occurs. 
The transition to metal forces the capacitor to discharge, resulting 
in a current through the series resistor, increasing the voltage 
across it (and hence, decreasing the voltage across the VO2 
device). This decrease, when sufficient, causes the metal-to-
insulating (MIT) phase transition. This causes the cycle to repeat 
resulting in sustained oscillations. When capacitively coupled, 
such systems of oscillators tend to lock if their initial frequency 
difference is within the locking range. Controlling the series 
resistance can control the frequency of such an oscillator. In this 
paper we demonstrate that once locked a pair of coupled 
relaxation oscillators tend to antilock in phase (i.e., 180 degrees 
apart) and we propose to use such frequency control in a template 
matching problem. 

8. SYSTEM MODEL 
8.1 Single Oscillator 
Before proceeding further, let us investigate the mathematic 
models describing the pairwise coupled system. Let the following 
parameters are defined for the VO2 device: 

x 𝑔𝑖 - internal conductance of the device in insulating 
phase 

x 𝑔𝑚- internal conductance of the device in metallic phase 
x 𝑔𝑠- conductance of the series resistance 
x 𝑐 - internal capacitance of the device 

Figure 4 shows the equivalent circuit of this configuration. The 
dynamics of a single oscillator comprising of a VO2 device in 
series with a series conductance 𝑔𝑠 can be described by the 
following set of ODEs: 

𝑐𝑣′ = −𝑔𝑐𝑣 + 𝑔𝑐𝑣𝑑𝑑 𝑓𝑜𝑟 𝑐ℎ𝑎𝑟𝑔𝑖𝑛𝑔
𝑐𝑣′ = −𝑔𝑑𝑣 𝑓𝑜𝑟 𝑑𝑖𝑠𝑐ℎ𝑎𝑟𝑔𝑖𝑛𝑔 (4) 

Here 𝑔𝑐  is the effective charging conductance of the system, and 
𝑔𝑑 the discharging conductance. The device is in metallic phase 
during charging, and in insulating phase during discharging. 

When 𝑔𝑖 ≪ 𝑔𝑠 and 𝑔𝑚 ≫ 𝑔𝑠, the effective conductances can be 
approximated by 𝑔𝑐 ≅ 𝑔𝑚 and 𝑔𝑑 ≅ 𝑔𝑠. In the rest of the paper 
this approximation will be used, giving rise to the following 
ODEs: 

𝑐𝑣′ = −𝑔𝑣 + 𝑔𝑣𝑑𝑑 𝑓𝑜𝑟 𝑐ℎ𝑎𝑟𝑔𝑖𝑛𝑔
𝑐𝑣′ = −𝑔𝑠𝑣 𝑓𝑜𝑟 𝑑𝑖𝑠𝑐ℎ𝑎𝑟𝑔𝑖𝑛𝑔 (5) 

8.2 Frequency Control 
The frequency of the oscillatory system can be controlled by 
controlling the series resistance. In a possible monolithic 
implementation, the series resistance will be replaced by a 
MOSFET whose gate voltage can be used as a control mechanism 
to control the resultant series resistance and hence the dynamical 
behavior of the overall system. The voltage swing of the oscillator 
is assumed to be such that it keeps the transistor in saturation 
mode. The small signal analysis (Figure 5) of this circuit yields 
the following modified voltage equation: 

𝑐𝑣′ = −𝑔𝑣 + 𝑔𝑣𝑑𝑑 𝑓𝑜𝑟 𝑐ℎ𝑎𝑟𝑔𝑖𝑛𝑔
𝑐𝑣′ = −𝑔0𝑣 − 𝑔𝑚𝑣𝑔𝑠 𝑓𝑜𝑟 𝑑𝑖𝑠𝑐ℎ𝑎𝑟𝑔𝑖𝑛𝑔 (6) 

The variation of frequency of such an oscillator system with 𝑣𝑔𝑠 is 
shown in Figure 6 and it demonstrates strong 𝑣𝑔𝑠 dependence.  

 

 

8.3 Coupled systems and synchronization 
When such oscillators are coupled using a capacitor, closer 
frequencies tend to lock out of phase (Figure 7) and frequencies 
that are far away do not. This can be easily seen in the phase 
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Figure 6: Variation of frequency (normalized to the frequency at 

Vgs = 0.1)  with gate voltage Vgs 

 

 
Figure 5: VO2 oscillator with a series transistor and its small 

signal equivalent circuit 

 

 
Figure 4: VO2 oscillator and its equivalent circuit 
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diagrams of Figure 8. We use an averaged XOR measure for 
testing whether the oscillators have locked or not. Figure 9 shows 
the variation of averaged XOR output of the oscillators with 
varying gate voltages applied on the transistors.  

 
As can be seen in the figure, the XOR surface is very similar to 
(𝑥 − 𝑦)2 surface in the region of locking, and hence can be used 
as a method of frequency comparison. In the next section, we 
demonstrate the use of such circuits in template matching. 

 

 

9. TEMPLATE MATCHING 
For demonstrating the application of coupled VO2 based 
relaxation oscillators in template matching, we use arrays of such 
oscillators and apply individual values of patterns as analog 
voltages to the gates of the transistors of individual oscillators in 
the array. This configuration in effect achieves a kind of FSK of 
the patterns. Each oscillator in the array is coupled to the 
respective oscillator in a template array (to be matched against), 
whose gate nodes are supplied analog voltages of stored template 
pattern values. The XOR outputs of each coupled system is then 
thresholded, and maximum number of matches in a pattern is 
considered a match in a winner-take-all fashion. Figure 10 depicts 
such a system for matching two patterns.  

Such a system is applied for matching faces (Figure 11) and 
handwritten number patterns (Figure 12). The color on each 
square demonstrates the degree of match and it can be easily seen 
that for template matching the proposed system performs with 
very high accuracy. It should be noted that in a variety of pattern 
matching problems, an important step is the feature extraction and 
it has not been discussed here. However in applications where 
template matching is required (e.g., digitizing printed books or 
identifying pictures in a large database) such a simple 
computational paradigm can be a powerful model of computing 
Euclidean distances using the attractor properties of nonlinear 
dynamical systems. 

10. CONCLUSIONS 
In this paper we demonstrate the use of synchronous VO2 based 
oscillatory systems for neuro-morphic pattern recognition and 
template matching. Through experimental results and theoretical 
analysis such systems have been shown to use the attractor 
properties of synchronous oscillations to antilock in phase. We 
have harnessed that to realize template matching as one possible 
computational paradigm.  

 
Figure 10: The system for pattern matching using VO2 coupled 
oscillators 

 
Figure 9: Surface plot of averaged XOR output for different 
values of Vgs1 and Vgs2 
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Figure 7: (a) Phase diagrams in 4 phase combinations - MM, MI, 
IM, II. Red curve show the trajectory in steady state. (b) Time 
domain waveforms in steady state (c) Combined phase domain 
steady state trajectory. When locked, the system in the steady 
state mostly has a butterfly shaped trajectory and avoids the I-I 
phase as seen in (a). In the transients of locked case and in no-
locking case, the system does enter I-I phase. 
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(d)
diagrams of Figure 8. We use an averaged XOR measure for 
testing whether the oscillators have locked or not. Figure 9 shows 
the variation of averaged XOR output of the oscillators with 
varying gate voltages applied on the transistors.  

 
As can be seen in the figure, the XOR surface is very similar to 
(𝑥 − 𝑦)2 surface in the region of locking, and hence can be used 
as a method of frequency comparison. In the next section, we 
demonstrate the use of such circuits in template matching. 
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Figure 7: (a) Phase diagrams in 4 phase combinations - MM, MI, 
IM, II. Red curve show the trajectory in steady state. (b) Time 
domain waveforms in steady state (c) Combined phase domain 
steady state trajectory. When locked, the system in the steady 
state mostly has a butterfly shaped trajectory and avoids the I-I 
phase as seen in (a). In the transients of locked case and in no-
locking case, the system does enter I-I phase. 
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Figure 7| XOR of oscillator output as a fractional distance norm and a
computing metric for pair-wise coupled oscillators. (a) Plots showing 
the relation between averaged XOR output of the oscillators and the 
steady state periodic orbit of the coupled oscillator system. The averaged 
XOR output is the fraction of time spent in the gray region, which also 
captures the phase difference between VGS,1 and VGS,2. (b) Simulated XOR 
output as a function of VGS,1 and VGS,2. The XOR value is minimum when 

VGS,1=VGS,2. (c) Fractional distance norm
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metric computes the Euclidean distance as seen by the similarity between 
the (b) and (c). (d) Experimental (e) Simulated XOR as a function of 
ΔVGS. 

Figure 8| Visual Saliency processing using coupled HVFET 
oscillators and comparison with CMOS ASIC accelerator. (a) 
Schematic of the processing scheme for saliency detection with VO2 
coupled oscillators and CMOS ASIC accelerator. (b) Saliency 
detection outputs obtained with VO2 coupled oscillators and using 

the simple
n

i i(x y )−∑
1

  metric. 

Figure 9| Projected VO2 oscillator scaling. (a) Scaling of input DC 
voltage of the oscillator (b) Projected scaling of oscillator frequency 
with the VO2 channel length. 

Figure 10| Power comparison. (a) Power dissipation break-down of 
individual components in the oscillatory processing scheme. (b) 
Power dissipation breakdown of individual components in a 
conventional synthesized CMOS ASIC processing accelerator. The 
Adder tree and the MAC instructions contribute to the bottle-neck in 
this Boolean processing scheme. All the digital circuits were 
implemented with 11nm node transistor models projected from the 
22nm PMT model. 
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threshold !#  it changes to a high resistance insulating 
state. The threshold voltages !" and !# are not equal and 
there is a hysteresis in the operation, i.e. when the voltage 
across the device is in between !"  and !#  the device 
retains the last state it was in. Because of this hysteresis, 
and also due to an internal capacitance associated with the 
device, when such a device is connected in series with a 
resistance of appropriate value, the circuit shows 
relaxation oscillations due to continuous charging and 
discharging of the internal capacitance of the device. 

When two VO2 relaxation oscillators with frequencies 
close to each other are coupled using a capacitor as shown 
in figure Fa, they synchronize to a common frequency 
(figure Fb) but the locking is out-of-phase [4]. 
Information can be encoded as frequency of such 
oscillators by using a transistor in place of the series 
resistance (Figures 2a and 2b) called hybrid VO2-
MOSEFT (HVFET) oscillators and the steady state phase 
difference can be calculated using a threshold and XOR operation (Figure 2c) [5]. When the frequencies are close but 
not equal, the steady state phase differences reduce as the difference in frequencies increase. As such, if two analog 
quantities are encoded as the frequency of the relaxation oscillators, such coupling gives an easy way to calculate a 
measure of difference. We observe from simulations that this measure resembles a squared distance norm (Figure 2d) 
which is 0 for equal frequencies and saturates to 0.5VDD for larger frequency differences. Using pairwise coupling of 
arrays of such oscillators, we can calculate a simple '( norm distance of input and stored vector patterns. From the 
viewpoint of power and computational complexity, this scheme reduces the time and power by parallelizing the 
operation of calculating the '( norm distance between vector patterns which can be a substantial reduction in an overall 
table lookup kind of pattern matching [6,7]. Also, such difference measure can be used for saliency detection. In 
comparison with 11 nm CMOS technology node, the oscillators are expected to provide a power reduction of ~20X 
[5]. 

The full computational power of such coupled dynamical systems can be harnessed using complex global interactions 
among oscillators instead of just pairwise interactions. Using a global coupling scheme which can be implemented in 
hardware, we demonstrate, using theory and experimental implementations that such relaxation oscillators could be 
used to approximate the solutions of the NP-hard minimum graph coloring problem. For a given graph with some 
nodes and edges, the minimum graph coloring problem attempts to assign a single color to each node such that no two 
nodes with the same color are connected by an edge, and while doing that tries to minimize the number of colors used. 
For solving such a minimum graph coloring problem, the oscillators are connected in the same graph structure as the 
problem graph whose coloring needs to be computed (Figures 3), where each oscillator corresponds to a node and 
each edge to a capacitive coupling with equal capacitances. In the steady state, the oscillators synchronize and get 
phase locked in such a way that the steady state phases can be used to find a correct approximate solution to the graph 
coloring problem with approximately minimum colors. 

Complex dynamical systems can thus pave the way to next generation computing systems and harness the true 
potential of post-CMOS devices by matching the “physics” of these devices to the “mathematics” of the computing. 
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Figure 3 : Overview of the proposed system for graph coloring. First 
step is a coupled relaxation oscillator circuit connected using 
capacitors in the same graph structure as the problem graph. The 
time evolution of the dynamical system created by the coupled 
circuit correspond to an aproximate graph coloring algorithm 
because of which the order of the steady state phases of the 
oscillators correspond to the color assignment given by the graph 
coloring algorithm. 
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